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Let Q be an open connected set in a finite-dimensional Euclidean 
space, and let f be a function mapping Q into another finite-dimen- 
sional Euclidean space. We define the set of curvilinear convergence of 
f to be 


{p€boundary of Q: there exists a simple arc y with one endpoint 
at p such that y — ip} CQ and f(v) converges to a finite limit as 
v—p along y}. 


J. E. McMillan [6] has shown that if Q is an open disk in the plane 
and if f is continuous in Q, then the set of curvilinear convergence of 
fis of type Fa. In this paper we prove that there exists a bounded 
continuous complex-valued function f, defined in the interior of a 
three-dimensional cube, such that the set of curvilinear convergence 
of f is not a Borel set. Thus McMillan’s theorem does not generalize 
to three dimensions. However, the following question remains open. 


PROBLEM. Does there exist a continuous real-valued function f, defined 
in the interior of a three-dimenstonal cube, such that the set of curvilinear 
convergence of f 1s not a Borel set? 


Let 


R be the set of real numbers 
n = n-dimensional Euclidean space 
Q=;\(x, y) ER?:0<y<1land —1 <x<1} 
K=}(x, y,2)€R*?:0<yS1, —1S$xS1i,and —1<zs1} 
Q° =interior of Q 
K° =interior of K. 


Let Q again represent an open connected subset of R”. If f: Q-R™ 
is a function, we shall say that aC R” is an asymptotic value of f iff 
there exists a continuous function v: [0,1)—>Q such that 
dist(v(t), R?—Q)—0 and f(v(t))—a as t—1. (Note that a limit ap- 
proached by f along a path which tends to © may or may not be an 
asymptotic value by our definition.) We say that a is a point asymp- 
totic value of f (at p) iff v can be chosen so that, as ¢—>1, v(t) approaches 
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a point pER”—Q. Because of the result of [8], the set of curvilinear 
convergence of f is 


{\pER*—Q: f has a point asymptotic value at p}. 


LEMMA. There exists a continuous complex-valued function s defined 
in 
oE R*: y > Of, 


with | s(x, y)| <1 for all x and y, such that s has the following property. 
Let E be the set of all asymptotic values of s that are real and lie in the 
interval (—1, 1). Then E 1s equal to the set of all point asymptotic values 
of s that are real and lie in (—1, 1), and E is not a Borel set. 


Proor. Let A be an analytic subset of R that is not a Borel 
set. (This exists [7, p. 254].) We see from the paper of Kierst [4] that 
there exists a holomorphic functlon h defined in fz: z is a complex 
number and |z| <1} such that h omits the three values —i, i, © and 
AU —1, i} is the set of all (finite) asymptotic values of h. The func- 
tion k is then normal [5, p. 53], so, as pointed out by McMillan [6, 
p. 311], it follows from Theorem 1 of [2] that AU { — í, i} is just the 
set of all (finite) point asymptotic values of k. We now obtain the 
desired function by setting 


h((1 — y)e*) 


1%) = TT aa — ne] (O<y S81), 
. B h(0) psi 


REMARK. Since the theorem we want to prove has nothing to do 
with meromorphic functions, it is unfortunate that the proof of the 
lemma depends on the theory of meromorphic functions. This can be 
avoided. The lemma can be proved by using [7, Theorem 113, p. 
216], [1, Theorem 2, p. 179], and the methods of [3], but this in- 
volves a messy construction, so we omit the details. 


THEOREM. There exists a bounded continuous complex-valued func- 
tion f defined in K? such that the set of curvilinear convergence of f is not 
a Borel set. 


Proor. Let s and E be as described in the lemma, and set g(x, y) 
=s(x/y, y) for (x, y) EQ. The reader can verify that E equals the set 
of all real point asymptotic values of g at the point (0, 0) which lie in 
the interval (—1, 1). For each ¿€ (0, 1], define 
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do(t) = sup{ô E (0, 1]: (2) E Q, (x, y) EQ, yZ Ly Zt, 

and | (x, y) — (#’, 9’) | < ô) implies | g(x, y) — g(x’, y) | <t}, 
d(t) = min{ 4do(32), 4t}. 
By statement (C) of [3], there exists a continuous complex-valued 


function k defined in Q, with | R(x, y) | £212 for all (x, y)&Ọ, such 
that for each a€ (0, 1] and for each arc 


yz f(x, y): —1 <x2Z1 and 0<ySsat}, 
(diameter y) =d(a) implies (diameter k(y)) 22. 

Let f be the function with domain K° defined by f(x, y, 2) 
= (g(x, y) —2)k(x, y). We note that the following inequality holds for 
any three points (x, y, 2), (x’, y’, 2’), (x”, y”, z”) in K°: 

|F, y, 2) |1 Clee y, we | 
= | (g(x’, y’) — 2')R(x’, v) — (g(x, y) — z)k(x', y’) 
+ (g(x, y) — kla’, y) — (g(a, y) — 2)R(2”, y”) 
+ (g(x,y) — 2)R(x", y”) — ela”, y”) — 2) R(x", y”) | 
| g(x, y) — z| | R, y) — kla”, y”) | 
(1) — | k(x’, y) |l, y) — 2’ — g(x, 9) + 2| 
— | k(x", y || g(a, 9) — 2 — g(x", 9”) +2” | 
| gC, y) — z| | RG’, »’) RC, 9) | 
— 2| gy) — g(x, y)| — 2] (x, 9) — ge”, y) | 


—2|2—2/| —2| 2” — z]. 


IV 


IV 


Let L= f (0, 0, z): —1 <z <1 3 and let [ be the set of curvilinear 
convergence of f. We wish to show that TOL = { (0, 0, 2): 2CE}. 
Suppose b E E. Then there is an arc y with one endpoint at (0, 0) such 
that y— { (0, 0) i CQ° and g approaches b along y. Let 


vy’ = {(x, y, b): (a, y) E y}. 
Then g(x, y)}—z—0 as (x, y, z) —(0, 0, b) along y’. Thus, since & is 
bounded, f(x, y, z)—0 along y’, so (0, 0, b)ETAL. 
Now let us assume, conversely, that (0, 0, b)ETOL and deduce 


that LEE. Let y’ be an arc with one endpoint at (0, 0, b) such that 
y'— { (0, 0, b) } CK?” and f approaches a limit along y’. Let 


y= f(x, y) E R*: (x, y, z) € y’ for some z}. 


Then y is a (not necessarily simple) arc with one endpoint at (0, 0) 
and y— { (0, 0) l COP. I assert that g(x, y)—z approaches 0 along y’. 
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Assume this is false. Then there exists e > 0 and there exists a sequence 
of points {$ (£n, Yn, Zn) tz in y’— { (0, 0, b) } such that 


(En, Yn, Zn) — (0, 0, b) as n — © 


and | g(xn, Yn) —Zn| Ze for all n. Let 6>0 be chosen so that whenever 
(u, v, w)EY’, (x, y, 2)€y’, and v, y <ô, then | w—z] <te. Let N be 
chosen so that n = N implies Yn < min | 3/32, 36/4, 3/4}. 

For the present, let n be a fixed integer greater than N. Set a 
= 4y,,/3. There exists an arc y* contained in 


yA { (x, y) ER | (x, y) = (tag Yn) | = d(a)} 


joining (Xn, Yn) to a point on the circle of radius d(a) about (xn, yn). 
Clearly (diameter y*) 2d(a), so (diameter k(y*)) 22. Choose points 
(xd, Yd), (ns Yn) in y* with |k(æx, ys )— k(x, yn')| 2. Choose 
Zn, Zp SO that (x7, Yn, Zn) and (Xp, Yn, Zn) are in y’. It is easy to 
check that ła Syn <ô and ła Syp <ô, so 


(2) | zn — z | < łe and |a — zn 


< įe. 
Moreover, since | (xx, Yn )— (Xn, Yn) | <d(a) S$do(4a), we have 


| g(Xn; Yn) = pla 3 Va) | < ga < $6; 
and similarly 
11 


| Plr 3 Ya) = ph En Yn) | < 3e. 
Combining these inequalities with (1) and (2), we get 
| Fans Vn x20) = San sIn aa) | > 
| Elän, Yn) — Zn | | (Od, Yn) — klan’, wl!) | —€ Z 2 —e He 

But yn, Yn’ S4yn/3, SO (Xn, Yn, Zn )—>(0, 0, b) and (xx”, Yn’, Za’) 
— (0, 0, b) as n— œ ; hence f cannot approach a limit along y’, which 
is a contradiction. We conclude that g(x, y)—z—0 as (x, y, z) 
—(0, 0, b) along y’. 

It follows immediately that g(x, y)—b along y, so bEE. We have 
now shown that 


TAL = {(0,0,2):2€ E}. 


Thus TOZ is not a Borel set. Hence I is not a Borel set; for if it were, 
then TOL would also be a Borel set. 
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